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Abstract

We present a novel multilinear algebra based ap-
proach for reduced dimensionality representation of im-
age ensembles. We treat an image as a matrix, in-
stead of a vector as in traditional dimensionality reduc-
tion techniques like PCA, and higher-dimensional data
as a tensor. This helps exploit spatio-temporal redun-
dancies with less information loss than image-as-vector
methods. The challenges lie in the computational and
memory requirements for large ensembles. Currently,
there exists a rank-R approximation algorithm which,
although applicable to any number of dimensions, is ef-
ficient for only low-rank approximations. For larger
dimensionality reductions, the memory and time costs
of this algorithm become prohibitive. We propose a
novel algorithm for rank-R approximations of third-
order tensors, which is efficient for arbitrary R but for
the important special case of 2D image ensembles, e.g.
video. Both of these algorithms reduce redundancies
present in all dimensions. Rank-R tensor approxima-
tion yields the most compact data representation among
all known image-as-matrix methods. We evaluated the
performance of our algorithm vs. other approaches on a
number of datasets with the following two main results.
First, for a fixed compression ratio, the proposed algo-
rithm yields the best representation of image ensembles
visually as well as in the least squares sense. Second,
proposed representation gives the best performance for
object classification.

1. Introduction

Many computer vision applications require process-
ing large amounts of multidimensional data, such as
face/object databases for recognition or retrieval, video
sequences for security and surveillance, 3D CT and
MRI images for medical analysis and 3D shape se-
quences for animation. The dimensions can be a mix

of space and time, e.g., a video sequence where two of
the dimensions are spatial and the third temporal. As
data size and the amount of redundancy increase fast
with dimensionality, it is desirable to obtain compact
and concise representations of the data, e.g., by identi-
fying suitable basis functions for subspace representa-
tion. The process of finding a set of compact bases and
projections of the data on these bases as representation
is referred to as dimensionality reduction.

For a large number of dimensions, dimensionality
reduction is a computation and memory intensive pro-
cess. The focus of this paper is on the development
of a novel multilinear algebra algorithm which reduces
redundancies in all dimensions by treating the data as
a tensor (image in 2D case) and is time and memory
efficient.

2. Related Work

Traditional methods for reducing the dimensional-
ity of image ensembles usually transform an image
into a vector by concatenating rows. One example
of these methods is Principle Component Analysis
(PCA), which has been widely used in face represen-
tation [7], face recognition [8] and many other applica-
tions. PCA is used to find a set of mutually orthog-
onal basis functions which capture the largest varia-
tion in the training data. The features are obtained
by projecting each zero mean image onto a p dimen-
sional subspace, which can be obtained by the Singular
Value Decomposition (SVD). Vasilescu and Terzopou-
los [10, 11] proposed using Higher-Order Orthogonal
Iteration (HOOI) Algorithm given by De Lathauwer
et al. [5]. They also apply this method to the image-
as-vector representation. It was shown in [10] that
the Root Mean Squared Error (RMSE) of the recon-
struction for the same compression ratio is higher for
HOOI than PCA. One inherent problem of the image-
as-vector representation lies in that the spatial redun-
dancies within each image matrix are not fully utilized,



and some of the information about local spatial rela-
tionships is lost.

Realizing the intrinsic problem of matrix-as-vector
formulation, some researchers in computer vision and
machine learning have recently begun to treat an im-
age as a matrix. Shashua and Levin [6] proposed rep-
resenting a collection of images using a set of rank-1
matrices. Yang et al. [14] recently proposed a Two-
Dimension PCA (2DPCA) by constructing an image
covariance matrix using the original image matrices.
As noted in [14], 2DPCA-based image representation
is not as memory efficient as PCA in terms of storage
requirements since 2DPCA requires more coefficients
than PCA. Ye et al. [15, 16] proposed a method called
Low Rank Approximation of Matrices (LRAM). In con-
trast to PCA, LRAM projects the original data onto
a (p1, p2)-dimensional space such that the projection
has the largest variance among all (p1, p2)-dimensional
spaces.

Multilinear algebra has recently received broad at-
tention in computer vision and signal processing.
Higher-Order Singular Value Decomposition (HOSVD)
has been used in computer vision applications such as
face recognition [9] by Vasilescu et al. and facial ex-
pression decomposition [12] by Wang and Ahuja. Most
recently, a Tensor Rank-One Decomposition algorithm
(TROD) was proposed by Wang and Ahuja [13] for
compact representation of multidimensional data (i.e.
tensors). By iteratively finding the best approxima-
tion of the residual tensor in the least-squares sense,
a higher-order tensor can be decomposed into a col-
lection of rank-one tensors. This method significantly
reduces the reconstruction RMSE for image ensembles
compared to PCA for the same compression ratio. Best
rank - (R1, R2, · · · , RN ) approximation of higher-order
tensors has been theoretically studied by Lathauwer et
al. [5]. This approach projects the tensor data onto
a R1, R2, · · · , RN - dimensional space with rank con-
straints. However, the time and space cost of this ap-
proach make it impractical for computer vision appli-
cations.

In this paper, we propose a novel rank-R tensor ap-
proximation approach using multilinear algebra. By
projecting the tensor data A ∈ ℜI1×I2×...×IN onto the
(R1, R2, · · · , RN )-dimensional space , we expect to ob-
tain the closest approximation of the original tensor.
The advantages of our method are as follows:

• We exploit redundancies of the data in all dimen-
sions to obtain compact representation of high-
order tensors.

• Rank-R approximation is more accurate for repre-
senting the data than the sum of R rank-1 approx-

imations because the columns of bases in rank-R
approximation are mutually orthonormal.

• The time and space complexities are lower com-
pared to the existing algorithm for generalized
rank-R tensor approximation. This is very impor-
tant for large dataset applications.

The rest of the paper is organized as follows. We
first give a brief overview of multilinear algebra and
the formulation of Rank-R approximation of tensors in
Section 3. Then we describe two algorithms for this
problem: generalized rank-R approximation of tensors
in Section 4 and rank-R approximation of third-order
tensors in Section 5. In Section 6, we report experi-
mental results on the quality and computational com-
plexity of the representation, and its efficacy in object
recognition. Conclusions are given in Section 7.

3. Rank-R Approximation of Tensors

3.1 Overview of Multilinear Algebra

In this section, we first introduce the relevant pre-
liminary material concerning multilinear algebra. In
the notation we use, matrices are denoted by italic
capitals (A, B, · · ·), and tensors by calligraphic letters
(A,B, · · ·).

A high-order tensor is denoted as: A ∈
ℜI1×I2×...×IN . The n-mode product of a ten-
sor A by a matrix U ∈Jn×In , denoted by A ×n

U , is defined by a tensor with entries: (A ×n

U)i1...in−1jnin+1...iN
=

∑

in

ai1...iN
ujnin

. The scalar

product of two tensors A,B ∈ ℜI1×I2×···×IN is de-
fined as: 〈A,B〉 =

∑

i1

∑

i2
· · ·

∑

iN
ai1i2···iN

bi1i2···iN
.

The Frobenius norm of a tensor A ∈ ℜI1×I2×···×IN is
then defined as ‖A‖ =

√

〈A,A〉. The n-rank of A,
denoted by Rn = rankn(A), is the dimension of the
vector space spanned by the n-mode vectors. For ex-
ample, an Nth-order tensor has rank 1 when it equals
the outer product of N vectors U1, U2, . . . , UN , i.e.,

ai1i2...iN
= u

(1)
i1

u
(2)
i2

. . . u
(N)
iN

, for all values of the indices,

written as: A = U (1) ◦ U (2) ◦ · · · ◦ U (N). Unfolding a
tensor A along the nth mode is denoted as uf(A, n).
References [2, 4, 5] are good sources of details of mul-
tilinear algebra.

Like SVD for matrices, HOSVD has been recently
developed for tensors [4]. Any tensor A can be ex-
pressed as the product: A = S ×1 U (1) ×2 U (2) ×
· · · ×N U (N), where, S is a I1 × I2 × . . . × IN tensor
of which the subtensors Sin=α have the properties of



Table 1. Comparison of Data Representation Using Different Methods
Method Image As Formulation # of Scalars

PCA (p principle components) vector Ãi = Φ · Pi + A p(I1 · I2 + I3)

Rank-1 (r rank-1 tensors) matrix Ã =
r
∑

i=1

λi · U
(1)
i ◦ U

(2)
i ◦ U

(3)
i r(I1 + I2 + I3 + 1)

LRAM (dimension is d) matrix Ãi = L · Di · R
T d(I1 + I2 + I3d)

Rank-R (dimension is R) matrix Ã = B × 1U
(1) × 2U

(2) × 3U
(3) R(R2 + I1 + I2 + I3)

all-orthogonality and ordering based on the Frobenius-

norms ‖Sin=α‖, and U (n) = (U
(n)
1 U

(n)
2 . . . U

(n)
In

) is a
unitary (In × In) matrix.

3.2 Problem Formulation

Given a real Nth-order tensor A ∈ ℜI1×I2×...×IN ,
find a tensor Ã ∈ ℜI1×I2×...×IN , having Rank1(Ã) =
R1, Rank2(Ã) = R2, ..., RankN (Ã) = RN , that mini-
mizes the least-squares cost function:

Ã = arg min
Â

∥

∥

∥
A− Â

∥

∥

∥

2

(1)

The desired tensor is represented as:

Ã = B × 1U
(1) × 2U

(2) × · · · × NU (N) (2)

where, U (1) ∈ ℜI1×R1 , U (2) ∈ ℜI2×R2 , · · ·, U (N) ∈
ℜIN×RN and B ∈ ℜR1×R2×···×RN . U (i) has orthonor-
mal columns for 1 ≤ i ≤ N .

For image ensembles, we use third-order tensors,
A ∈ ℜI1×I2×I3 (I1 × I2 is the dimensionality of each
image, and I3 is the number of images). We also as-
sume R1 = R2 = R3 = R in this paper for simplicity.
Hence we name our approach rank-R approximation of
tensors.

3.3 Data Representation

Two major characteristics of our rank-R approxi-
mation approach are that (i) it treats the image as a
matrix as opposed to simplifying it into a vector, and
(ii) it reduces redundancies in all dimensions.

Representation of the data using PCA consists of p

eigenvectors, Φ ∈ ℜI1I2×p and reduced representations
P ∈ ℜI3×p. Tensor rank-one decomposition [13] con-
sists of the projection λ corresponding to each rank-
one tensor U (1) ◦ U (2) ◦ · · · ◦ U (N). LRAM [15, 16]
projects each image using two matrices L ∈ ℜI1×d

and R ∈ ℜI2×d, and the projection is D ∈ ℜd×d.
For rank-R approximation, a tensor is approximated
by a core tensor B ∈ ℜR×R×R and three subspaces

U (1) ∈ ℜI1×R, U (2) ∈ ℜI2×R and U (3)∈ℜ
I3×R

. A com-
parison of these methods is given in Table 1, where A

is the mean of the data.
In image ensemble applications, the number of im-

ages is usually much greater than the dimension d or R

for dimensionality reduction, i.e., I3 >> d and I3 >>

R. Therefore, (I1 + I2 + I3d)d > (R2 + I1 + I2 + I3)R
if we assume R = d, i.e., the representation of origi-
nal data using rank-R approximation is more compact
than that using LRAM.

Rank-R approximation of tensors can be used to ex-
tract features of the image ensemble. By projecting
the original tensor data onto R1, R2, · · · , RN axis sys-
tem, we obtain a new tensor. By projecting it to any
combination of two axes system, we define a feature
of the slice along the plane defined by the two axes.
The projections of a third-order tensor on any two axes

are defined as: Bxy = A × 1U
(1)T

× 2U
(2)T

, Byz =

A × 2U
(2)T

× 3U
(3)T

and Bxz = A × 1U
(1)T

× 3U
(3)T

.
Given a test image, which can be represented as a ten-
sor A of size I1 × I2 × 1, the matrix B

B = A× 1U
(1)T

× 2U
(2)T

(3)

can be used as a feature of the image.

4. Generalized Rank-R Approximation

of Tensors

Recall the cost function from Equation 1, i.e.

f =
∥

∥

∥
A− B ×1 U (1) ×2 U (2) · · · ×N U (N)

∥

∥

∥

2

(4)

For given matrices U (1), U (2), · · · , U (N), B can be ob-
tained by solving a classical linear least-squares prob-
lem: B ×1 U (1) ×2 U (2) · · · ×N U (N) = A. Since
U (1), U (2), · · · , U (N) have orthonormal columns, we

have B = A ×1 U (1)T

×2 U (2)T

· · · ×N U (N)T

. As
stated in [5], the minimization in Equation 1 is
equivalent to the maximization, over the matrices
U (1), U (2), · · · , U (N) having orthonormal columns, of



Algorithm 1: Generalized Rank-R Approximation
of Tensors

Data: Given A and R

Result: Find Uk, (1 ≤ k ≤ N) and B.

Initialize U
(k)
0 ∈ ℜIk×Rk , 1 ≤ k ≤ N ;

while ∼ stop do

Ũ
(1)
j+1 = uf(A, 1) · kr(U

(2)
j , U

(3)
j , , · · · , U

(N)
j );

U
(1)
j+1 = svds(Ũ

(1)
j+1, R);

Ũ
(2)
j+1 = uf(A, 2) · kr(U

(3)
j , U

(1)
j+1, , · · · , U

(N)
j );

U
(2)
j+1 = svds(Ũ

(2)
j+1, R);

· · ·

Ũ
(N)
j+1 = uf(A, N) · kr(U

(1)
j+1, · · · , U

(N−1)
j+1 );

U
(N)
j+1 = svds(Ũ

(N)
j+1 , R);

B = A×1 U
(1)T

j+1 ×2 U
(2)T

j+1 × · · · ×N U
(N)T

j+1 ;

if(‖Bj+1‖
2
− ‖Bj‖

2
< ε) stop

end

the function:

g(U (1), · · · , U (N)) =
∥

∥

∥
A×1 U (1)T

· · · ×N U (N)T
∥

∥

∥

2

(5)

We apply the Alternative Least Squares (ALS) [3, 5]
to find the (local) optimal solution of Equation 1.
In each step, we optimize only one of the matri-
ces, while keep others fixed. For example, with
U (1), · · · , U (n−1), U (n+1), · · · , U (N) fixed, we project
tensor A onto the (R1, · · · , Rn−1, Rn+1, · · · , RN ) - di-

mensional space, i.e., U
(n)
j+1 = A × 1U

(1)T

j+1 × · · · ×

n−1U
(n−1)T

j+1 × n+1U
(n+1)T

j × · · · × NU
(N)T

j . and then

the columns of U (n) can be found as an orthonor-
mal basis for the dominant subspace of the projec-
tion. This equation can also be expressed in ma-

trix format for the ease of implementation: U
(n)
j+1 =

uf(A, n) · (U
(1)
j+1 ⊗ · · · ⊗ U

(n−1)
j+1 ⊗ U

(n+1)
j ⊗ · · · ⊗

U
(N)
j ), where ⊗ represents Kronecker product, denoted

as kr(U
(1)
j+1, · · · , U

(n−1)
j+1 , U

(n+1)
j , · · · , U

(N)
j ). The algo-

rithm for rank-R approximation of tensors is described
in Algorithm 1.

One issue in the implementation is the initialization
of the algorithm. In the original algorithm proposed
by [5], the values of U (n) ∈ ℜIn×Rn were initialized
with the truncation of the HOSVD. The columns of
the column-wise orthogonal matrices span the space of
the dominant left singular vectors of the matrix unfold-
ings uf(A, n) (1 ≤ n ≤ N). While the computation
of HOSVD is very expensive (O(I1I2 · · · IN )), we use

U
(n)
0 =

[

IRn
0

]T
or U

(n)
0 = uniformly distributed

Algorithm 2: Rank-R Approximation of Third-
Order Tensors

Data: Given a third-order tensor, A, and R

Result: Find Uk, (1 ≤ k ≤ 3) and B.

Initialize U
(k)
0 ∈ ℜIk×Rk , 1 ≤ k ≤ 3;

while ∼ stop do

M21 =
I3
∑

k=1

AT
k U

(1)
j U

(1)T

j Ak;

U
(2)
j+1 = svds(M21, R2);

M32 =
I1
∑

i=1

AT
i U

(2)
j+1U

(2)T

j+1 Ai ;

U
(3)
j+1 = svds(M32, R3);

M13 =
I2
∑

i=1

AjU
(3)
j+1U

(3)T

j+1 AT
j ;

U
(1)
j+1 = svds(M13, R1);

B = A×1 U
(1)T

j+1 ×2 U
(2)T

j+1 ×3 U
(3)T

j+1 ;

if(‖Bj+1‖
2 − ‖Bj‖

2
< ε) stop

end

random numbers (though columns are not necessar-
ily orthonormal). Like many iterative search methods,
empirically we have not seen any major difference in
the results obtained using these initializations. How-
ever, our initializations are much simpler to compute
than HOSVD.

Algorithm 1 has both advantages and disadvantages.
Most of the time spent in the algorithm is in the compu-
tation of eigenvectors using SVD. The time complexity
of SVD on a r× c matrix is O(rc min(r, c)). Therefore,
the total time cost is O

{

max{InR2 min(In, R2)}
}

(1 ≤
n ≤ N), which means it is efficient for low-rank approx-
imation, i.e. when R is small. Moreover, it provides
a generalized framework for approximating tensors of
any order. On the other hand, as R increases, the time
and memory requirements increase fast making the al-
gorithm inefficient for large R.

5. Rank-R Approximation of Third-

Order Tensors

Algorithm 1 is designed for approximating tensors of
any order. In this section, we consider the important
special case of image ensembles, which are third-order
tensors. We present a specific algorithm for any rank
approximation of third-order tensors, called slice pro-
jection.

Our approach is inspired by the work of Ye [15, 16].
The basic idea of slice projection for rank-R approxi-



mation of tensors is similar to Algorithm 1 in that a
tensor is transformed into matrices for the convenience
of manipulation. In Algorithm 1, a tensor is unfolded
along different coordinate axes to formulate matrices,
while here a third-order tensor is represented as slices
along the three coordinate axes, Ai, Aj and Ak, where
1 ≤ i ≤ I1, 1 ≤ j ≤ I2 and 1 ≤ k ≤ I3. Each slice
is represented by a matrix orthogonal to that direc-
tion. By projecting the slices along each direction to
two corresponding coordinate axes under the rank con-
straints, we can find the best approximation of the orig-
inal slices. We need to maximize the norm of the best
approximation of original tensor, which corresponds to
maximizing the summation of the norms of the slice
projections in three directions. Then our problem is
formulated as follows: given a tensor A (hence Ai, Aj

and Ak), find U (1), U (2) and U (3) which solve

max
U(1),U(2),U(3)

I1
∑

i=1

∥

∥

∥
U (2)T

AiU
(3)

∥

∥

∥

2

+

I2
∑

j=1

∥

∥

∥
U (1)T

AjU
(3)

∥

∥

∥

2

+

I3
∑

k=1

∥

∥

∥
U (1)T

AkU (2)
∥

∥

∥

2

(6)

where U (1) ∈ ℜI1×R1 , U (2) ∈ ℜI2×R2 and U (3) ∈
ℜI3×R3 have orthonormal columns; 1 ≤ i ≤ I1, 1 ≤
j ≤ I2 and 1 ≤ k ≤ I3. The following theorem de-
scribes how to find a locally optimal solution using an
iterative procedure.

Theorem 1 (Slice-Projection Theorem). Let
U (1), U (2) and U (3) be the optimal solution to the max-
imization problem in Equation 6. Then

• Given U (1) and U (2), U (3) consists of the R3 eigen-

vectors of the matrix M31 =
I2
∑

j=1

AT
j U (1)U (1)T

Aj

(and M32 =
I1
∑

i=1

AT
i U (2)U (2)T

Ai) corresponding to

the largest R3 eigenvalues.

• Given U (1) and U (3), U (2) consists of the R2 eigen-

vectors of the matrix M23 =
I1
∑

i=1

AiU
(3)U (3)T

AT
i

(and M21 =
I3
∑

k=1

AT
k U (1)U (1)T

Ak) corresponding to

the largest R2 eigenvalues.

• Given U (2) and U (3), U (1) consists of the R1 eigen-

vectors of the matrix M12 =
I3
∑

k=1

AkU (2)U (2)T

AT
k

(and M13 =
I2
∑

i=1

AjU
(3)U (3)T

AT
j ) corresponding to

the largest R1 eigenvalues.

Given U (1), U (2) and U (3), the projection of A onto

the coordinate axes is represented as: B = A×U (1)T

×

U (2)T

× U (3)T

.

Proof. Given U1 and U2, U3 maximizes

max
U(3)

I2
∑

j=1

∥

∥

∥
U (1)T

AjU
(3)

∥

∥

∥

2

and

I1
∑

i=1

∥

∥

∥
U (2)T

AiU
(3)

∥

∥

∥

2

(7)

The first term in Equation 7 can be rewritten as

I2
∑

j=1

trace(U (3)T

AT
j U (1)U (1)T

AjU
(3))

= trace(U (3)T

(

I2
∑

j=1

AT
j U (1)U (1)T

Aj)U
(3))

= trace(U (3)T

M31U
(3)).

which is maximal for a given U (1) only if U (3) ∈ ℜI3×R3

consists of the R3 eigenvectors of the matrix M31 cor-
responding to the largest R3 eigenvalues. From the
second term in Equation 7, we obtain U (3) which max-

imizes trace(U (3)T

M32U
(3)). In either case, U (3) is lo-

cally optimal for the maximization of Equation 7. Sim-
ilarly, we can show other parts of the theorem.

This theorem provides us with an iterative pro-
cedure to find U (1), U (2) and U (3). By updating
U (1), U (2) and U (3) iteratively, the procedure will con-
verge to a (local) maximum of Equation 6. This is de-
scribed in Algorithm 2. The advantage of Algorithm 2
is that it is time and memory efficient for any rank
approximation of third-order tensors since the cost for
finding the eigenvectors is only O(I3

1 + I3
2 + I3

3 ), but
the tradeoff is that this algorithm only works for third-
order tensors. Our algorithm is more general than that
proposed by Ye et al. [15, 16], since they consider the
projection along only the temporal axis while our algo-
rithm achieves reduction along both spatial and tem-
poral axes. Figure 1 contrasts the different projection
schemes used by these two approaches.

6. Experimental Results

In this section, we experimentally evaluate the per-
formance of our proposed algorithm with respect to
the quality of representation, computational complex-
ity, and efficacy in object classification. The datasets
we use include: a toy video of 129, 129 × 129 frames
and two face databases: ORL dataset1 of 400, 92×112

1http://www.uk.research.att.com/facedatabase.html
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Figure 1. Illustration of Rank-R Approximations of Tensors vs. Low Rank Approximations of Matrices by Ye [15].
Dimension R = 40 and d = 40.

images and Yale dataset2 of 165, 82 × 66 images. For
the Yale dataset, all images have been centered, aligned
using eyes positions, and cropped.

6.1 Compact Data Representation

We applied PCA, LRAM, Rank-1 Decomposition
and Rank-R Approximation of Tensors methods on
different datasets (We excluded HOSVD because it is
stated in [10] that the reconstruction error is larger
for HOSVD than PCA). The parameters we used to
achieve a constant compression ratio for different al-
gorithms are given in Table 1. The compression ratio
is defined as: α = I1×I2×I3

s
, where s is the number

of scalars required for representation of the data (see
Table 1). We compute the RMSE error of the recon-
structed data with respect to the original data:

RMSE =

√

1

I3

∥

∥

∥
A− Ã

∥

∥

∥

2

as a measure of relative performance of the algorithms.
Figure 2(a-c) shows the reconstructions obtained us-

ing the same compression ratio but different represen-
tation methods. For the toy sequence (Figure 2(a)),
the temporal redundancy is very strong since the scene
does not change much from frame to frame, though
spatial redundancies also exist. Interestingly, the re-
construction using LRAM is visually even worse than
that using PCA. The reconstruction using LRAM is
very blurry, and has some features (e.g. eyes) missing
(Figure 2(a2)). This is because LRAM captures more
redundancies in the spatial than in the temporal dimen-
sion, while PCA captures mostly the temporal redun-
dancies in this case. The reconstructions are much bet-
ter for tensor rank-one decomposition and rank-R ap-
proximation methods since both methods capture the

2http://cvc.yale.edu/projects/yalefaces/yalefaces.

html

redundancies in all dimensions. Moreover, since the
basis columns of rank-R approximation are orthonor-
mal (therefore more compact), rank-R approximation
of tensors yields much better reconstruction than ten-
sor rank-one decomposition. For the face datasets (Fig-
ure 2(b,c)), PCA is the worst among all methods since
the spatial redundancies are not well captured due to
its image-as-vector formulation. The critical features
like eyes, mouth and nose begin to appear in Fig-
ure 2(b2,b3), and become pretty clear in Figure 2(b4).
For the compression ratio α = 77 : 1 (corresponding
to using five principle components for PCA), the re-
construction using our algorithm (Figure 2(c4)) is vi-
sually quite close to the original image (Figure 2(e)).
Figure 2(d-f) shows the reconstruction error for each
dataset. These plots are consistent with the relative
visual quality of the reconstructions. Our algorithm
produces the best visual reconstructions as well as the
smallest RMSE of all methods. As the compression
ratio decreases, all four methods give similar perfor-
mance. This is reasonable since the use of increas-
ing number of components leads to steadily decreasing
amount of information loss.

6.2 Computational Efficiency

Our experiments were performed using Matlab on
a Pentium IV 1.5GHz machine with 512M RAM. Fig-
ure 3(a) gives convergence rates and shows that it usu-
ally takes 4 iterations for Algorithm 1 to converge to
a locally optimal solution while it takes 2 iterations
for Algorithm 2. Figure 3(b) gives the computation
times for the toy sequence. We can see that for com-
parable representation errors (Figure 3(c)), the com-
putation time of Algorithm 1 is slightly less than that
of Algorithm 2 when R < 12; however, Algorithm 2 is
much more efficient than Algorithm 1 when R > 12 due
to both the high computational complexity and large
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Figure 2. Comparison of the quality of reconstructions achieved using Rank-R approach and other methods. The
parameters used for each method were chosen so as to achieve the same compression ratio. (a): Reconstruction results
for the toy sequence (p = 1, d = 10, r = 43, R = 20, α = 128 : 1). Original image is in (d); (b): Reconstruction results
for ORL (p = 1, d = 5, r = 18, R = 14, α = 385 : 1); (c): Reconstruction results for ORL (p = 5, d = 11, r = 88, R =
32, α = 77 : 1). Original image is in (e); Reconstruction error for (d) toy sequence; (e) ORL; (f) Yale.
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Figure 3. Comparison of Generalized Rank-R Approximation of Tensors vs. Rank-R Approximation of Third-Order
Tensors. (a). Convergence; (b). Execution time; (c). Reconstruction error.

memory requirements of Algorithm 1 (Figure 3(b)).
From Figure 3(b,c), we see that R > 70 is not ap-
plicable to Algorithm 1 for this data since the machine
does not have the required memory for R > 70. The
experiments on other datasets such as Yale and ORL
databases give similar results.

The results we present here are based on a direct
implementation of Algorithm 1. Better implementa-
tions will help to improve its efficiency. For example,

we could exploit the fact that the SVD of Ũ (n)Ũ (n)T

is U (n)S2U (n)T

to obtain Un [1], if Ũ (n) ∈ ℜm×n is
an unfolded tensor with m ≪ n, which will reduce the
computational time.

6.3 Appearance-Based Recognition

To evaluate the quality of the representation ob-
tained by our algorithm, we applied it to appearance-
based recognition in face images in ORL and Yale face
databases. For the Yale database (containing 11 dif-
ferent images of each of 15 distinct persons), we used
11-fold cross validation, i.e., we randomly selected ten
images per person, and used the remaining one for test-
ing. For the ORL face database (containing 10 different
images of each of 40 distinct persons), we applied 10-
fold cross validation. Similarly, we randomly selected
nine images from each class as a training set, and used
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Figure 4. Comparing the quality of representation
of the different methods on face recognition for the
Yale and ORL face datasets. (a). accuracy vs. com-
pression ratio on Yale. (b). accuracy vs. compression
ratio on ORL.

the remaining image for testing. For each database,
we repeated the process ten times. Features can be ob-
tained using Equation 3. The face is correctly classified
if its feature has the minimum Frobenius distance from
the features of the same person. The reported final ac-
curacy is the average of the ten runs.

We compared our algorithm with LRAM and PCA.
As shown in Figure 4, comparing the performance of
different methods for a fixed compression ratio, our
method yields the highest accuracy in every case (Fig-
ure 4). This shows that our algorithm has the best
reduced dimensionality representation.

7. Conclusion

We have introduced a novel approximation of ten-
sors based on multilinear algebra. The method is de-
signed to capture the spatial and temporal redundan-
cies along each dimension of the tensor. Experiments
show superior performance of rank-R approximation of
tensors in terms of quality of data representation and
object classification accuracy for a fixed compression
ratio.
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