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Abstract

A real-worldobjectcategorycanbeviewedasa charac-
teristic con�guration of its parts, that are themselvessim-
pler, smaller (sub)categories. Recognition of a category
can therefore be madeeasierby detectingits constituent
subcategoriesand combingthesedetectionresults. Given
a set of training images, each labeledby an object cate-
gory containedin it, we presentan approach to learning:
(1) Taxonomyde�nedbyrecursivesharingof subcategories
bymultipleimagecategories;(2) Subcategoryrelevanceas
the degree of evidencea subcategory offers for the pres-
enceof its parent; (3) Likelihoodthat theimage containsa
subcategory; and(4) Prior that a subcategory occurs. The
imagesarerepresentedaspointsin a featurespacespanned
bycon�dencesin theoccurrencesof thesubcategories.The
subcategoryrelevancesareestimatedasweights,necessary
to rescalethe correspondingaxesof the feature spaceso
that theimageswith thesamelabelarecloserto each other
thanto thosewith differentlabels.Whena new imageis en-
countered, the learnedtaxonomy, relevances,likelihoods,
andpriors are usedby a linear classi�er to categorizethe
image. On the challengingCaltech-256dataset,the pro-
posedapproach signi�cantly outperformsthe bestcatego-
rizations reported. This result is signi�cant in that it not
onlydemonstratestheadvantagesof exploitingsubcategory
taxonomyfor recognition, but also suggeststhat a feature
spacespannedby part properties,insteadof direct object
properties,allowsfor linear separationof imageclasses.

1. Intr oduction

Supposean imagecontainsobjectsbelongingto multi-
ple categories. The imageis labeledby oneof thesecat-
egory names. Given a setof images,containingrepeated
occurrencesof eachlabel, this paperis aimedat estimat-
ing themodelsof thecategorycorrespondingto eachlabel.
By �nding thesubimagessharedby theimagescarryingthe
samelabel, and contrastingthem with the remainingim-
ages,carryingotherlabels,we wish to identify thesubim-
agesoccupiedby thecategory andobtainan imagemodel

for thecategory. The�nal resultis a modelfor eachof the
labelcategorieswhich is well representedin theimageset.

Our approachfollows from the well recognizednotion
thatobjectsconsistof parts.Theintrinsicnatureof theparts
andtheir spatialcon�gurationsde�ne the category model.
Thesepartsthemselvesde�ne their own objectcategories.
Thus,largercategories,in general,arehierarchicalcon�g-
urationsof smallerandsimplercategories. In the sequel,
we referto theconstituentcategoriesalsoassubcategories.
A category model capturesthe observed variationsin the
category instances.Thesevariationsaredue to their nat-
ural diversity, as well as differencesin imaging parame-
ters, e.g., illumination, viewing direction, cameracharac-
teristics,andocclusion.The larger theextentof anobject,
themorediverseis therangeof sucheffects,andmorecom-
plex themodel. Therefore,recognitionof the (smallerand
simpler)objectpartsis morereliablethantherecognitionof
theentireobject.Thismakesrecognitionof acategoryfrom
its subcategorydetectionsanef�cient strategy, but requires
thatthesedetectionsareef�ciently combined.

The approachof combining part detectionsfor object
recognitionhasbeenpursuedin [10, 2]. They build a tax-
onomyof categoriesfoundin animageset. Thetaxonomy
is representedby a directedacyclic graph(DAG) in which
eachcategory nodeis connectedto all thoserepresenting
its subcategories. The taxonomyencodessharingof (sim-
pler, smaller)subcategoriesby multiple,morecomplex cat-
egories(e.g.,“buses”and“cars” share“wheels”). Theshar-
ing of a subcategory resultsin a nodebeingconnectedto
multiple parentnodes. Recognitionof the category of an
imagewith unknown label is achieved by maximizing its
matchwith the taxonomy, i.e., with subgraphsof the tax-
onomysuchthat the structurallymatchingnodeshave the
mostsimilar imageproperties(e.g.,shape,size,andcolor
of imageregions).Thepartof thetaxonomythatyieldsthe
maximalmatchidenti�es the detectedcategory. However,
this processhaslimitations. First, the taxonomycontains
only the likelihoodsof a category match; no prior prob-
abilities of the occurrenceof differentcategoriesare esti-
mated.This amountsto usingthemaximumlikelihoodcri-
terion for detection,which is not optimal in the Bayesian
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sense. The secondlimitation is that matchesof all parts
aregivenequalweight,becausethetaxonomydoesnot en-
codethe relevanceof a subcategory to the de�nition of a
speci�c parentcategory. A subcategory maybevery com-
monandappearin thehierarchicalde�nitions of many par-
entcategories(e.g.,“windows” areoftensharedby “build-
ings,” “houses,” “recreational-vehicles,” etc.). Detectionof
suchasubcategoryprovidespoorevidencethatany speci�c
parentoccurs. On the otherhand,a subcategory may ap-
pearin the de�nitions of only a few parents,or, in the ex-
tremecase,auniqueparent(e.g.,“two-humps-on-the-back”
of “camels”). Detectionof sucha subcategory unambigu-
ouslysuggeststhepresenceof its uniqueparent.Sincede-
tectionsof differentsubcategoriesprovidedifferentdegrees
of evidencefor category recognition,estimationof thesub-
category relevancesis important.

This paperis aimedat improvedcategory modelingand
recognitionby addressingthe aforementionedlimitations.
We pursue� ve interrelatedobjectives. To achieve the �rst
two objectives,we extendandusethe approachof [10, 2]
which is a prerequisitefor the remainingthreeobjectives
that arecompletelynew andrepresentthe major contribu-
tions of this paper. Given a set of labeledimages,each
showing a category, our approachis aimedat: (1) Unsu-
pervisedextractionof region-based,hierarchicalde�nitions
of imagecategoriesin termsof their sharedsubcategories;
(2) Estimationof the likelihoodsthat a given imagecon-
tainsany occurrencesof the discoveredsubcategories;(3)
Estimationof thesubcategory relevancesto therecognition
of eachimagecategory, relative to the other category la-
belspresent;(4) Estimationof thesubcategory priors; and
(5) Speci�cation of a linear classi�er that will categorize
a new imageby fusing thesubcategory recognitionresults
andtheir learnedrelevances,asillustratedin Fig. 1.

Objectives (1)-(4) are aimedat overcomingthe limita-
tionsdiscussedearlier. Objective (5) is aimedat usingthe
learned,extendedtaxonomyfor object recognition,while
still retainingthe simplicity of the linear classi�er usedin
[10, 2]. Although the recognitionprocessin [10, 2] is in-
tendedto behierarchical,asoneof thecontributionsof this
paper, we show that their approachactually usesa linear
recognizer. They �atten the taxonomysoall partsarerep-
resentedas separateobject features,thus discardingtheir
hierarchicalinterdependencies.This yields a subcategory
featurespacein which imagesare representedas points
whosecoordinatesarethecon�dencesof detectingthesub-
categories.To recognizeobjects,they usea linearclassi�er
in this featurespacethatequallyweightsall theaxes. De-
spite the �attening andsubsequentuseof a simple, linear
classi�er, they achieve successfulrecognitionon challeng-
ing benchmarkdatasets.This suggeststhata featurespace
spannedby part properties,insteadof direct imageprop-
ertiesof entireobjects,allows for linear separationof im-

ageclasses.In particular, sinceeachsubcategory is char-
acterizedby a certain combinationof photometric,geo-
metric,andstructuralpropertiesof regionsit contains,the
subcategory featurespaceis obtainedby a transformation
of the original featurespacewhoseaxes are theseregion
properties.This transformationmay be viewed asserving
the samegoal asintendedfor the kerneltransformsto de-
�ne higher-dimensionalspacessoughtby SVM's. Although
complex, this transformis obtainedby a“natural” (subcate-
gorybased)de�nition of categories,soonemayexpectit to
bea reasonabledirectionto pursue.We dosoin this paper.
Speci�cally, towardsobjective (5), we extendthe work of
[10, 2] by incorporatingthelearnedsubcategoryrelevances
andpriorsin their linearclassi�er.

Overview of our approach: Supposewearegivenasetof
labeledimages,D, whereeachlabel c meansthat the im-
agecontainsat leastoneoccurrenceof category c from the
user-speci�ed setof label categoriesC. Eachimagemay
alsocontainoccurrencesof othercategoriesfrom C, even
thoughit doesnot carry their labels. Whereall in an im-
agethecategory occursis unknown. Together, the images
with a given label are assumedto captureall representa-
tive occurrencesof thecategory. Our approachconsistsof
the following four steps.Step1: We begin with obtaining
a segmentation-treerepresentationof the images,to derive
subcategory basedde�nitions of the label categoriesin C.
Segmentationtreescapturetherecursiveembeddingof im-
ageregions,obtainedthroughamultiscalesegmentation.In
thesequel,wewill referto (sub-)treesand(sub-)imagesin-
terchangeably. Step 2: The subimagescorrespondingto
recurrencesof a subcategory in D arefoundby identifying
subtreesacrossD thatmatch.Eachtransitiveclosureof the
bestmatchingsubtreesis identi�ed asthesetof occurrences
of thecorrespondingsubcategory. Thesetransitiveclosures
areusedto learnthesubcategorylikelihoodsandpriors.The
discoveryof subcategoriesI presentin D allowsusto learn
thede�nitions of labelcategoriesC in termsof I in thefol-
lowing step. Step3: We de�ne the �attened featurespace
in which the imagesarerepresentedaspointswith coordi-
natesthatmeasuretheposteriorprobabilitiesof occurrence
of thesubcategoriesfrom I. Thissubcategory featurespace
is suitablefor estimatingthesubcategory relevances.This
is doneso theaxescorrespondingto thedifferentsubcate-
goriesarerescaledsuchthatall imagepointswith thesame
category label are closer to eachother than to the points
with other labels. This rescalingincreasesthe weightsof
thosesubcategoriesthataremorediscriminativefor agiven
imagecategory, aswasthegoal. Let Dc denoteall training
imageswith thesamelabelc. Then,thelearnedsubcategory
relevancesrepresentsuchweightsof thesubcategoriesthat
jointly maximizethesmallestmarginsbetweeneachimage
point in Dc to its nearestneighborin Dc andto its nearest
neighborin the remainingimageset. By the large-margin
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Figure1. Samplesfrom Caltech-256:(top row) Two labeledimagesetsfor categoriesc andc0, which sharesubcategorieshorses,wheels,
trees.Thesubcategory wagon-topfrequentlyoccursin c0, but not in c. Recognitionof c0 is particularlyaidedby observingwagon-top,
whereasthesharedsubcategoriesdo not provide strongevidencefor eithercategory. Therefore,the learnedrelevanceof the wagon-top
for recognizingcategory c0 is larger thanthoseof sharedsubcategories. (bottomrow) Theabsenceof thewagon-topandthepresenceof
sharedsubcategoriesin x leadsto thedecisionthatx belongsto categoryc.

theory, theproposedlearningalgorithmwill havegoodgen-
eralizationovernew images.Step4: Oncethesubcategory
relevances,priors,andlikelihoodsarelearned,they areused
to de�ne a linearclassi�er for categorizingnew images.

Sec.2 reviews prior work, Sec.3 describesSteps1-2,
Sec.5 presentsStep3, Sec.6 presentsexperimentalevalua-
tion, andtwo Appendicesprovidedetailsof ouralgorithms.

2. Relationshipsto Prior Work

Imagecategorizationcanbeformulatedasscenematch-
ing thatusesahierarchicalstructureof local imagefeatures
(e.g.,SIFTs)[5, 8]. However, thescene-basedcategoriza-
tion usuallyrequiresvolumesof trainingimagesto robustly
learna combinatoriallylarge numberof object con�gura-
tions in thescene.Thegeneralizabiltyof theseapproaches
to imagescontainingocclusionandlargevariationsin scale
is still unclear. Theadvantagesof usingobject-speci�cfea-
turesfor the purposesof imagecategorizationhave been
well arguedin prior work [12, 1, 11, 10, 2, 3]. We advance
theseapproachesby using the region-basedtaxonomyof
categories,which yields signi�cant improvementsin cate-
gorizationperformance.

Our approachto learningthe subcategory relevancesis
relatedto generalfeatureweightingalgorithms.The com-
putationallyintensivewrappermethodsevaluatetheperfor-
manceof a classi�er to selectrelevantfeatures,whereasin
the�lter methodsfeaturesareweightedby their information
content[12]. Our learningalgorithmbelongsto the group
of embeddedmethodsthat incorporatefeatureweighting
into the learning processof a classi�er [1, 11, 4, 7, 9].
Speci�cally, we modify andusethealgorithmpresentedin
[9], which is basedon the well known RELIEF algorithm
[7] that estimatesfeatureweightsby maximizingthe mar-
gins of the 1-NN classi�er over data. A major problem
with RELIEF is that the in-classand out-of-classnearest

neighborsof a samplearecomputedprior to learning,and
thusarevery unlikely to remainso in theweightedfeature
space,oncethe featureweightsareestimated.This prob-
lem hasbeenaddressedby RELIEF-F and I-RELIEF [9].
They learnoneglobalsetof featureweightsfor all classes.
We modify andextendtheirwork to learncategory-speci�c
weights. The weightsthuslocally learnedper category, in
our case,areexpectedto morerobustly handlelarge intra-
categoryvariationsfrom imageto imagethanglobally esti-
matedweightsover theentiretrainingset. In [4], learning
category-speci�c featureweightsis pushedto the extreme
of estimatingtheweightsfor eachimageseparately. How-
ever, they formulatethis estimationasmaximizingthedif-
ferencein distancesbetweentheimageandall otherin-class
andout-of-classimages. Sincefor large training setsthis
is computationallyinfeasible,they select,prior to learning,
a �x ed numberof in-classandout-of-classclosestneigh-
bors,andthusencounterthesameaforementionedproblem
asRELIEF.

3. Discovering Subcategories

ThissectionpresentsSteps1–2of ourapproachthatcon-
cernderiving segmentation-treerepresentationsof the im-
agesin trainingsetD, anddiscoveringsubcategoriespresent
in D. To thisend,weusetheapproachof [10, 2], brie�y re-
viewedbelow.

Imagesare representedby segmentationtrees(Fig. 2)
whosenodescorrespondto regions obtainedvia a multi-
scalesegmentation,and edgescaptureregion embedding.
A vector v of region properties,suchasbrightness,area,
perimeter, centroid location, etc., is associatedwith each
nodev, de�ned relative to v's parent,to allow scaleand
rotation-in-planeinvarianceof recognition. In this paper,
we illustrate our approachfor the casewhen each im-
age has exactly one category label. In the training set

3



in Proc.IEEEConf. ComputerVisionandPatternRecognition(CVPR),Anchorage,AL, June2008

Figure2. Segmentationtreestn capturethe recursive embedding
of regionsin images.Thetree-unionT is theminimum-sizegraph
thatcontainsall segmentationtrees.

D= f (tn ; yn )gN
n =1 , wherey2C denotesthelabelof segmen-

tationtreet, subcategoriesappearassimilarsubtreeswithin
theimagetrees,having similarnodeproperties andstruc-
ture. They can be discoveredby matchingthe trees,and
then �nding their maximum-similarity, commonsubtrees.
Giventwo treest andt0, thegoalof matchingis to �nd the
subtreeisomorphism,f = f (v; v0)g� t� t0, which preserves
theoriginal structureof t andt0, andmaximizestheir simi-
larity measure,Stt 0, de�ned as

Stt 0,
X

(v;v 0)2 f

[2min(k v k; k v0k)� max(k v k; k v0k)]:

(1)

After matchingthe trees,we �nd the transitive closures
of maximallymatchingsubtrees,to discover subcategories
presentin D. Note that a subtreeis uniquelyde�ned by a
nodeat which thesubtreeis rooted.We will referto a node
andthe subtreeunderit interchangeably. As explainedin
greaterdetail in [10, 2], �nding the transitive closuresof
maximally matchingnodesis equivalent to constructinga
tree-union,T , from all the treesin D (Fig. 2). As in [10],
we constructthe tree-unionsequentially. In eachiteration
� , T ( � ) is matchedwith a new treet2D, andthenthe un-
matchednodesof t areaddedandappropriatelyconnected
to T ( � ) to form T ( � +1) . Eachtree-unionnodei2T recordsa
collectionof all regionsacrosstheimagesin D thatmatched
with i (Fig. 2). That is, tree-unionnodei representsa tran-
sitive closureof matchingregions,de�ning subcategory i .
Consequently, the set of nodesin T , denotedas I , repre-
sentsthe discoveredsetof subcategories. Eachtree-union
nodei is characterizedby a Gaussianpdf, andthusby the
meanvector� i = meanf  v g, andcovariance� i = covf  v g
of all matchingregionsv acrossD transitively groupedun-
deri . TheseparametersspecifytheGaussianlikelihoodsof
the correspondingsubcategories, P( ji ), N ( ; � i ; � i ),
8i2I . Wealsocomputethefrequency of occurrenceof each
discoveredsubcategory i in thetrainingsetD. For largeD,
as is the casein this paper, this frequency representsthe
estimateof theprior probabilitythati occurs,P(i ).

4. CategorizationUsing a Linear Classi�er

In thissection,we show thattheapproachof [10, 2] cat-
egorizesimagesusinga linear classi�er. Recallthat every
imagefrom the training set is uniquely registeredwithin
tree-unionT. Therefore,all training imageswith thesame
labelcuniquelyde�ne subgraphTc within T thatrepresents
themodelof categoryc2C. Thesubsetof tree-unionnodes
thatbelongto Tc representthesubsetof subcategories,de-
notedasI c, de�ning category c. Thus,a previously unseen
imageis categorizedin [10, 2] by matchingits segmentation
treet with everyTc, 8c2C, whichproducestheir similarity
measuresStT c , givenby (1), andthenby �nding themax-
imum similarity y= argmaxc2 C StT c . From(1), matching
nodev2t with nodei2Tc amountsto identifying subcate-
goryi in imaget, with con�dencemeasuredheuristicallyas
x i =[2 min(k v k; k� i k)� max(k v k; k� i k)] if nodepair
(v; i ) is includedin subtreeisomorphismf � t� Tc, other-
wisex i = 0. Therefore,we canconvenientlyrewrite theex-
pressionof (1) to highlight thatStT c is computedasa sum
of con�dencesx i that the subcategoriesi2I c occur in the
image,StT c =

P
i 2 I c

wi x i , whereall weightingcoef�cients
wi = 1. This provesthat [10, 2] perform linear separation
of imagecategoriesin thefeaturespacespannedby equally
weightedcon�dencesin subcategorydetections.

5. Learning the SubcategoryWeights

This sectionpresentsStep3 of our approach(Sec.1)
thatestimatestherelevanceof discoveredsubcategoriesfor
recognitionof eachindividual imagecategory. Givena dis-
tancefunctionbetweentwo images,de�nedin termsof con-
�dences in subcategory detectionsin the images,the rel-
evancesare computedso that eachimagefrom the train-
ing setis closerto its nearestin-classimagepair thanto its
nearestout-of-classpair. To this end,we modify anduse
the algorithmpresented[9]. For completeness,we review
this algorithm,andpoint our major differences.We begin
with describingour vectorimagerepresentation.Notation
is summarizedin Tab. 1.

The vector of relevancesof all subcategories i2I for
a given imagecategory c2C is de�ned as w c2W= f w :
w2Rj I j ; kwk= 1; w � 0g, wherek�k is the two-norm, and
wic = 0 if subcategory i doesnot appearin thede�nition of
c. In general,thevectorsw c differ for distinctcategoriesin
C. Sincein this sectionwe consideronly the subcategory
relevancesto oneparentcategory, wewill dropthecategory
indicationin subscript,w c! w , for simplicity. To estimate
w , as in [10, 2], we �atten the segmentationtreesof the
training images,andspecifytheir vectorrepresentationsas
x 2X= f x : x 2Rj I j ; x � 0g, wherex i is a con�dencemea-
surethatsubcategory i2I occursin imagex . Sincewe use
segmentationtreet andvectorx astwo alternative repre-
sentationsof thesameimage,in thesequel,wewill referto
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imagetreesandimagevectorsinterchangeably. Analogous
to theheuristiccon�dencemeasuresx i usedin [10, 2] for
recognition(Sec.4), we herespecifyx i usingtheestimates
of subcategory likelihoodsN ( v ; � i ; � i ) andpriorsP(i ),
obtainedin Step2 of ourapproach.Recallthatsubcategory
detectionsin thetrainingimagesareautomaticallyachieved
by constructingthe tree-union(Sec.3). That is, all those
nodesv from the imagetreesthataretransitively clustered
undertree-unionnodei indicatethe presenceof subcate-
gory i in thecorrespondingimages.For subcategoriesi2I
whoseoccurrencesv areidenti�ed in imagex , wecompute
x i as: x i , N ( v ; � i ; � i )P(i )/ P(i j v ), wherethe prior
over region properties,P( v ), is assumeduniform. For
the restof subcategoriesi2I that are not identi�ed in the
image,we setx i , 0. By usingthis vectorimagerepresen-
tation,similar to theapproachof [9], we de�ne a distance
functiondxx 0(w ) betweenimagesx andx 0 as

dxx 0(w ) , w Tjx � x 0j : (2)

Given the training set, D= f (x n ; yn )gN
n =1 , and dxx 0(w ),

the relevancesw are estimatedso as to transform the
original space of images X into a weighted space ~X
by maximizing intra- vs. inter-category homogeneity
of the image vectors with the samelabel, as measured
by dxx 0(w ). This is done by maximizing the mar-
gins of 1-NN classi�ers associatedwith every image,de-
�ned using the image's nearestmiss and hit as follows.
For eachx with label y, the other training imagescan
be grouped into two sets, referred to as hits Hx and
missesM x , where Hx , f x 0:(x 0; y0)2D; y0= y; x 06= x g,
and M x , f x 0:(x 0; y0)2D; y06= yg. The nearestmiss
m x (w ) , argminx 02 M x dxx 0(w ) and hit h x (w ) ,
argminx 02 Hx dxx 0(w ) of x areusedto de�ne the margin
of theimage's1-NN classi�er as

r x (w ), dxm x � dxh x = w T(jx � m x (w )j � jx � h x (w )j):
(3)

By maximizingthemarginsr x (w ) of all imagesx with the
samelabel, say, y = c 2 C, we computethe subcategory
relevancesw c for recognitionof imagecategoryc:

w c= max
w 2 W

w T P
x 2 Dc

(jx � m x (w )j�j x � h x (w )j): (4)

The optimizationproblemof (4) usesm x (w ) andh x (w )
which requirethe subcategory relevancesto have already
beenlearned. Note that different valuesof w may yield
completelydifferent nearestmissesand hits of x in the
weightedimagespace~X from thosecomputedin theorigi-
nalspaceX. To accountfor theuncertaintyin estimatingthe
nearestneighborsin ~X, we reformulate(4) within a proba-
bilistic framework. In particular, we specifyh x andm x as
hiddenrandomvariablescharacterizedby certainprobabil-
ity densityfunctions(pdf's). Given thepdf's of thesehid-
denvariables,w canbeestimatedfrom (4) by averagingout

Table1. FrequentlyUsedNotation
C - user-speci�edsetof objectcategories,i.e., imagelabels;
D; Dc - trainingset,andits subsetwith imagesof thesamelabelc;
I - setof subcategoriesdiscoveredin D;
t - segmentationtreerepresentationof theimage;
T - tree-unionof all theimagetreesin thetrainingset;
v - nodein thesegmentationtree;
i - nodein tree-unionT = discoveredsubcategory;
x = [: : : x i : : : ]T - con�dencevectorrepresentationof theimage;
x i - con�dencein detectingsubcategory i in imagex ;
y - category labelassignedto imagex , i.e., to treet;
w = [: : : wi : : : ]T - vectorof relevancesw i of subcategoriesi 2 I ;
 - vectorof region properties;
� i , � i - Gaussianparametersassociatedwith subcategory i ;
dxx 0 - distancebetweenimagesx andx 0;
M x (Hx ) - setof misses(hits) of imagex ;
mx (hx ) - nearestmiss(hit) of imagex ;
� - kernelwidth for probabilitydensityestimation.

h x andm x overtheentiretrainingset.Thisis similarto the
EM algorithm,wheretheincomplete(hidden)dataaresub-
stitutedby their meanvalues.To this end,we introducethe
followingprobabilities:(1)Px 0= h x – probabilitythatimage
x 02Hx is thenearesthit of x ; and(2) Px 0= m x – probabil-
ity thatx 02M x is thenearestmissof x . Theseprobabilities
can be computedusing the standardkernel-baseddensity
estimation,with akernelfunction� (�), as

Px 0= h x ,
� (dxx 0(w ))

P
x 002 Hx

� (dxx 00(w ))
; 8x 02Hx ; (5)

Px 0= m x ,
� (dxx 0(w ))

P
x 002 M x

� (dxx 00(w ))
; 8x 02M x : (6)

We use the exponentialkernel � (d), exp(� d=� ), where
kernelwidth � is an input parameter. As shown in Sec.6,
ouralgorithmis largely insensitive to aspeci�c (“meaning-
ful”) choiceof � . Otherkernelfunctionscanalsobeused.

The probabilitiesde�ned in (5) and(6) allow us to �nd
theexpectationof themargins in (4), andthusaddressthe
uncertaintyof estimatingthe image's nearestneighborsin
theweightedspace~X. Similar to theEM, our learningalgo-
rithm consistsof theE-stepandM-stepthatareiteratedal-
ternatively until objective functionQ reachesconvergence.
In the E-step,Q is computedasthe expectationof r x (w )
with respectto thehiddenvariablesh x andm x , usingthe
currentestimateof w ( � ) . In the M-step,Q is maximized
with respectto w , resultingin new estimatew ( � +1) . In the
E-step,we compute:

Q= w T [
X

x 2 Dc
x 02 M x

jx � x 0jP ( � )
x 0= m x

�
X

x 2 Dc
x 002 Hx

jx � x 00jP ( � )
x 00= h x

]

| {z }
z ( � )

c

;

(7)
whereP ( � )

x 0= h x
andP ( � )

x 0= m x
areobtainedfrom (5) and(6)
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usingw ( � ) . Then,in theM-step,wecompute:

w ( � +1) = arg max
w 2 W

w Tz ( � )
c =

[z ( � )
c ]+

k[z ( � )
c ]+ k

; (8)

where[a]+ , max(a; 0). Thedetailedderivationof theup-
daterule (8) is givenin [9] andin AppendixI.

Learningthe subcategory relevancesfor a given image
category is summarizedin Alg. 1. The E-stepandM-step
are iterateduntil kw ( � +1) � w ( � ) k< � = 10� 3. Appendix II
presentsthe convergenceanalysisof Alg. 1 – speci�cally,
the proof of Theorem1 that statesthe following attractive
properties:(1)Alg. 1 convergesif thechosenkernelwidth �
is suf�ciently large;(2) Alg. 1 convergesfor awiderangeof
� values,andthusis largely insensitive to a speci�c choice
of � ; (3) Theconvergencerateof Alg. 1 increasesfor larger
� ; (4) Unlikemany machinelearningalgorithms(e.g.,neu-
ral nets),Alg. 1 convergesalwaysto a uniquesolutionthat
is notaffectedby theinitializationvalueof w (0) . Therange
of � valuesthatis reasonableto selectfor imagecategoriza-
tion is shown in Sec.6. Complexity of Alg. 1 is O(jI j� ).

Algorithm 1: LearningtheSubcategory Relevances
Input : Imagecategory c2 C, D= f (x ; y)g; I ; � ; �
Output : Optimalrelevancesw c  w ( � )

Set� =0 ; 8i 2 I : setw (0)
i to apositive randomvalue;8x 2 Dc �nd1

M x andHx ;
repeat2

E-step: 8x 2 Dc and8x 02 M x and8x 002 Hx compute3

P ( � )
x 0= h x

andP ( � )
x 00= m x

, asin (5)-(6);ComputeQ asin (7);

M-step: Updatew ( � +1) asin (8); � = � + 1;4

until jj w ( � ) � w ( � � 1) jj < � ;5

Algorithm 2: TheEntireLearning
Input : TrainingimagetreesD= f (t; y)g; �
Output : Optimalrelevancesw c , 8c2 C

Find tree-unionT of D (Sec.3);1
Interpretnodesi2 T asdiscoveredsubcategoriesi 2 I ;2
Computethevectorimagerepresentations,x , wherex i is3
proportionalto theposteriorprobabilitythatsubcategory i 2 I
occursin imagex ;
Computew c , 8c2 C, by usingAlg. 1.4

The entire learning algorithm including the discovery of
subcategoriesandestimatingthesubcategory relevancesof
all imagecategoriesis summarizedin Alg. 2. Its complexity
is computedasfollows. Complexity of imagematchingis
O(jt j2), wherejt j is thenumbertreenodes.Matchingtwo
imagetreeswith approximately50 nodeseach,takesabout
20sona2.8GHz,2GBRAM PCwith codeimplementedin
MATLAB. Also, complexity of Alg. 1 with � iterationsis
O(jI j� ). Thus,complexity of Alg. 2 is O(jI j2+ jCjj I j� ).

6. Results

Categorizationof anew imageis conductedby matching
theimage'ssegmentationtreewith tree-unionT, to identify

subcategoryoccurrencesin theimage.Then,thevectorrep-
resentationx of the imageis computed.Finally, the image
is categorizedusingthelinearclassi�er which is parameter-
ized by the learnedsubcategory relevancesfor eachimage
category: ĉ= argmaxc2 C w T

c x .
For evaluation,we usetwo datasets:Caltech-101and

Caltech-256[6], which,at thetime of conductingtheseex-
periments,containedmorecategoriesby an orderof mag-
nitudethanany otherpublicly availabledataset.Thewell-
known drawbacksof Caltech-101,suchaslittle variationin
poseor scalewithin many categories,have beenaddressed
in Caltech-256.Speci�cally, in Caltech-256,thecategories
are carefully selectedso as to representa broadervariety
of naturalandarti�cial objectsappearingin indoorandout-
doorscenes,with largerinter- andintra-categoryvariability.
The imagesareacquiredunderchallenginglighting condi-
tions,at differentscales,andfrom diverseviewpoints.The
imagesalsocontainocclusionandbackgroundclutter. As
a major challengeto categorization,Caltech-256contains
similar categorieswhosede�nitions sharealmostidentical
setsof subcategories,asillustratedin Fig.3. Thishelpeval-
uatethegeneralityof ourapproach.

Performanceis evaluatedasa function of: (i) thenum-
berof trainingimagespercategoryNc, and(ii) thespeci�c
choiceof kernelwidth � – the only input parameter. For
training,we useNc= f 5:5:30g, while theremainingimages
are usedfor testing. The convergencerate of learningis
testedfor � = f 0:1:0:1:1g. Theaveragecategorizationerror
of 10experimentsis reported.

Fig. 4 comparesthebestreportedresultsonCaltech-101
and Caltech-256with ours. For every value of N c, our
approachoutperformsthe existing work. For N c= 30, we
outperformby 9.9% the best recordedresult on Caltech-
256 [3]. To quantify the accuracy gain of our approach,
we computetheincreasein theareaunderour recognition-
rate curve vs. those of competing approaches. Let
RRour(Nc) andRRold(Nc) denotethe recognitionratesof
our approachandprior work obtainedfor N c training im-
agesper category. Then, the accuracy gain is de�ned as

� =
P

N c
(RR our(N c ) � RR old(N c ))

P
N c

RR old(N c ) . Table2 presentsthe � val-

ues.Notethat theapproachof [10] is not developedto ad-
dressimagecategorization,anddoesnot useany discrim-
inative information betweencategories. When this infor-
mation is incorporated,as in our approach,categorization
performancesubstantiallyimproves. Our performanceon
Caltech-256,for Nc=30, is lower by 7:3% if con�dences
in subcategory detections,x , are de�ned using the likeli-
hoodsx i = P( v ji ) insteadof theposteriorof i . Thesere-
sultsquantifythevalueof computingthesubcategorypriors
andrelevancesfor imagecategorization.

Fig. 5 shows that our approachis largely insensitive to
a speci�c choiceof kernelwidth � . Also, Fig. 5 demon-
stratesthat larger � valuesyield fasterconvergencerates,
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Figure 3. Samplesfrom Caltech-256,labeledas (left-to-right):
baseball-bat,computer-monitor, covered-wagon,ladder, andrain-
bow. Theseimagescontainsubcategoriesthat alsoappearin the
de�nitions of categories:people,palm-tree,car-tire, dog,andwa-
terfall. Subcategory sharingmakescategorizationchallenging.

Table2. Accuracy gain
� in (%)

Cal-101 Cal-256

[3] 4.5 9.6
[4] 23.2 NA

[13] 25.6 NA

[6] 26.2 51.1

[10] 37.9 57.9

Figure4. Caltech-101andCaltech-256:Our recognitionratesand
accuracy gain� vs. [3, 8, 4, 13, 6, 10].

Figure 5. Recognitionand convergenceratesfor varying kernel
widths � . � = kw ( t +1) � w ( t ) k. If the algorithm converges, the
classi�cationaccuracy is insensitive to a speci�c choiceof � . The
convergencerateis fasterfor largerkernelwidths.N c=30.

asstatedby Theorem1 (AppendixII). Fig. 6 shows exam-
plesof regionsoccupiedby subcategoriesthatarefoundto
be themostandleastsigni�cant to recognition.As canbe
seen,our approachis capableof segmentingthemostrele-
vantregionsresponsiblefor thecategory labelof theimage.

7. Conclusion

In this paper, we have demonstratedthatusingsubcate-
goriesasfeaturesof imagecategoriesallowsef�cient learn-
ing of a margin-based,linearclassi�er, which yields supe-
rior imagecategorizationperformancethan seenin prior
work. Recognitionusing the proposedlinear classi�er si-
multaneouslyachievescategory segmentation,by virtue of
identi�cation of all thesubcategoriesin theimagethatcon-
tribute to category recognition.While this paperconsiders
only onelabelperimage,ourproblemstatementallowsthat

Figure 6. Samplesfrom Caltech-256: The use of regions as
features allows us to segment the occurrencesof the (rele-
vant/irrelevant) subcategories in the image. Regions with the
largestweight(red)andthesmallestweight(blue) for theimages
in categories:billiards,camel,ostrich,andgiraffe.

a training imagemay containoccurrencesof multiple la-
bel categories.Thus,thegeneralizationof our approachto
multiple labelsperimageis reasonablystraightforward.
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Appendix I: M-step of the Learning Algorithm

Thedetailedproof thatexpression(8) hasa closed-form
solutionis presentedin [9]. We herebrie�y review this the-
oreticalresult,for completeness.TheM-stepof Alg. 1 reads
maxw w Tz; s.t. jjw jj2 = 1; w � 0. Its Lagrangianis
L = � w Tz + � (jjw jj2� 1) +

P jT j
i =1 � i (� w(i )) , where�

and� � 0 aretheLagrangianmultipliers.Takingthederiva-
tiveof L with respectto w , andsettingit to zerogives

@L=@w = � z + 2� w � � = 0 ) w =
z + �

2�
: (9)

To derive a closed-formsolution, we make the assump-
tion that there exists one node i2T for which z(i )> 0.
From (7), this assumptionis very weak, since the con-
verse(i.e., z< 0) would meanthat therearemoretreesin
D closerto their missesthan treesthat arecloserto their
hits. This caseis very unlikely to occur in real applica-
tions with large datasetsaswe hereuse. This assumption
hasalsobeenusedfor a numberof machinelearningalgo-
rithms that make decisionsbasedon the distancesof pat-
ternsandtheirneighbors,suchasRBF, andSVM with RBF
kernel.Giventhisassumption,weprovethat�> 0. Suppose
the converseis true, i.e., �< 0. Sincethereexists z(i )> 0,
thenz(i )+ � (i )> 0. It follows from (9) thatw(i )< 0, which
contradictsthe constraintw � 0. From the Karush-Kuhn-
Tuckercondition,namely

P
i � (i )w(i )= 0, wehavethefol-

lowing threecases: (1) z(i )= 0 ) � (i )=0 ) w(i )=0 ;
(2) z(i )< 0 ) � (i )> 0 ) w(i )=0 ; and (3) z(i )> 0 )
z(i )+ � v > 0 ) w(i )> 0 ) � (i )=0 ) w(i )= z( i )

2� . It im-
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mediatelyfollows thattheexpressionfor computingw has
aclosedform givenby (8).

Appendix II: ConvergenceAnalysis

This sectionbrie�y reviews theconvergenceanalysisof
Alg. 1, which is presentedin [9]. We begin by studyingits
asymptoticbehavior:

8x ; lim � ! + 1 Px 0= m x = 1=jM x j ; 8x 02M x ; (10)

since lim
� ! + 1

k(d)=1 . Also, assumingthat for every x ,

dxx 0(w )6= dxx 00(w ) if x 06= x 00, wehave

lim
� ! 0

Px 0= m x (w )=

8
<

:

1; if dxx 0(w )= min
x 002 M x

dxx 00(w )

0; if dxx 0(w )> min
x 002 M x

dxx 00(w ):

(11)
Similar asymptoticbehavior holds for Px 0= h x . Thus, for
� ! + 1 thealgorithmconvergesto auniquesolutionin one
iteration,andfor � ! 0 rarelydo we empiricallyobserve
that the algorithmconverges. This suggeststhat the algo-
rithm'sconvergenceis fully controlledby thekernelwidth,
which is formally statedin thefollowing theorem.

Theorem1 There exists � � > 0 such that for any kernel
width � >� � Alg. 1 converges, lim

� ! + 1
jjw ( � +1) � w ( � ) jj=0 ,

where w ( � ) 2 W = f w : w2Rj I j ; kwk= 1; w � 0g. More-
over, for a �xed � >� � , Alg. 1 convergesto a uniquesolution
for anyinitial w (0) 2W.

Theorem1 canbeprovedby usingtheBanachtheorem,
statedbelow without proof. While thereexist simplerways
of proving Theorem1, themainadvantageof usingtheBa-
nachtheoremis that it alsoallows establishingthe condi-
tionsfor achieving fasterconvergencerate.
De�nitions: Let U be a subsetof a normed spaceZ ,
with norm k�k. OperatorT : U!Z is called a contrac-
tion operatorif thereexists a constantq2[0; 1) suchthat
kT(x)� T (y)k� qkx� yk, 8x; y2U. q is calledthecontrac-
tionnumberof T . An elementof anormedspaceZ is called
a �x edpointof T : U! Z if T (x)= x.
Banach Theorem: Let T be a contractionoperatormap-
ping a completesubsetU of a normedspaceZ into it-
self. Then the sequencegeneratedasx ( � +1) = T(x( � ) ),
with arbitrary x (0) 2 U, converges to the unique �x ed
point x � of T . Moreover, the following estimationer-
ror boundshold: kx ( t ) � x � k � qt

1� q kx(1) � x(0) k, and

kx( t ) � x � k � q
1� qkx( t ) � x( t � 1) k.

Proof of Theorem 1: The proof identi�es a contrac-
tion operatorof Alg. 1, and makes sure that the con-
ditions of the Banachtheoremare met. Let us de�ne
P, f (Px 0= m x ; Px 0= h x )g, 8x 6= x 0 from the training setD.

ThenE-stepandM-stepof Alg. 1 canbespeci�edin afunc-
tional form asE:W! P, andM:P! W, i.e., Alg. 1 canbe
expressedasw ( � +1) =( E� M)(w ( � ) )= T(w ( � ) ), where(� )
denotesfunctionalcomposition,andT:W! W. SinceW is
a closedsubsetof normedspaceRj I j andcomplete,T is an
operatormappingcompletesubsetW into itself.

Recall that lim � ! + 1 Px 0= m x = jM x j � 1, 8w2W, and
that similar asymptotic behavior holds for Px 0= h x .
Then, lim � ! + 1 [T (w 0; � )� T (w 00; � )]= 0, 8w 0; w 002W.
Since the 2-norm is a continuous function, it follows
that lim � ! + 1 jjT (w 0; � )� T (w 00; � )jj=0 , 8w 0; w 002W.
Therefore,in thelimit, T is acontractionoperatorwith con-
tractionconstant lim

� ! + 1
q(� )= 0. Consequently, for every

"> 0, thereexists� � suchthatq(� )� " , whenever� >� � . By
setting"< 1, theresultingT is a contractionoperator. From
theBanachtheorem,it immediatelyfollowsthatAlg. 1 con-
vergesto a unique�x ed point, provided � is suf�ciently
large.Also, theerrorboundin theBanachtheoremguaran-
teesthata larger� yieldsa fasterconvergencerate.�
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